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Abstract 

Our aim is to reprove the basic results of the theory of branches of 
plane algebraic curves over algebraically closed fields of arbitrary char- 
acteristic. We do not use the Hamburgcr-Nocther expansions. Our 
basic tool is the logarithmic distance on the set of branches satisfy- 
ing the strong triangle inequality which permits to make calculations 
directly on the equations of branches. 

What can be explained on fewer principles 
is explained needlessly by more. 
William of Ockham (1280-1349^ 

Introduction 

We present a new approach to the theory of plane algebroid branches over an 
algebraically closed field of arbitrary characteristic. We prove the structure 
theorem for the semigroup of plane branches, the fundamental theorems of 
the Abhyankar-Moh theory, the intersection formula and the existence of a 
branch with given semigroup. These results are well-known (at least in char- 
acteristic 0) but our proofs are new. In constrast to classical treatments of 
the subject given by Ancochea (1947), Lejeune-Jalabert (1973), Moh (1973), 
Angermuller (1977), Russel (1980) and Campillo (1980) we do not use the 
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quadratic transformations. To avoid the Hamburger-Noether expansions we 
base our approach on the direct construction of key polynomials (the notion 
introduced by MacLane (1936)) given by Seidenberg in his PhD thesis on 
the valuation ideals in polynomial rings. As far as we know the Seiden- 
berg article of 1945 is the first publication in which appears the God-given 
inequality rikfa < (we use the notation introduced by Zariski). 

In all this paper we use the strong triangle inequality (STI) proved by the 
second author in 1985. It allows to give simple proofs of all basic prop- 
erties of key polynomials in any characteristic. Using the STI we prove 
the Abhyankar-Moh irreducibility criterion in arbitrary characteristic, the 
description of branches with given semigroup and the Merle-Granja factori- 
zation theorem. 

A plane algebroid branch may be given either by an irreducible equation 
f(x,y) = or by a parametrization x = 4>(t), y = ip(t). The treatments of 
the subject which use the Hambuger-Noether expansions (or Puiseux' ex- 
pansion in the case of characteristic 0) are based on the interplay between 
the equations and the parametrizations of branches. In this paper after 
having proved the STI we make calculations on the equations of branches 
without recourse to their parametrizations. In particular we prove a new 
formula for the intersection multiplicity of two branches, which does not in- 
volve any reference to their parametrizations. In this way we get shorter and 
conceptually simpler proofs of basic theorems than in the classical approach 
to plane algebroid branches. 

The contents of this article are 

1. Preliminaries 

1.1 Arithmetical lemmas and semigroups of naturals 

1.2 Plane algebroid curves 

2. The strong triangle inequality 

3. The semigroup of a plane algebroid branch 

4. A proof of the Semigroup Theorem 

5. Key polynomials 

6. The Abhyankar-Moh theory 

7. A formula for the intersection multiplicity of two branches 



2 



8. The Abhyankar-Moh irreducibility criterion 

9. Characterization of the semigroups associated with branches 

10. Description of branches with given semigroup 

11. Merle-Granja's Factorization Theorem 

The following notation is used in the sequel. The set of all integers (resp. 
non-negative integers) is denoted by Z (resp. N). We write gcdS* for the 
greatest common divisor of a nonempty subset ScN. Conventions about 
calculating with +oo are usual. In all this note K is an algebraically closed 
field of arbitrary characteristic. 

1 Preliminaries 

In this section we fix our notations and recall some useful notions and results. 

1.1 Arithmetical lemmas and semigroups of naturals 

We recall here some properties of semigroups of natural numbers that we 
will use in Section [3] of this paper. 

Lemma 1.1 Let vo,...,Vk be a sequence of positive integers. Set di = 
gcd(i>o, ■ ■ ■ ,Vi) for i G {0,1, ... ,k} and nt = -M- for i G {1, . . . , k}. Then 
for every a G Zdfc we have Bezout's relation: 



where ao G Z and < £Zj < ni for i G {1, . . . ,k}. The sequence (do, • • • , «fc) 
is unique. 

Proof. Existence: if k = the lemma is obvious. Suppose that k > and 
that the lemma is true for k — 1. Since (c?fc)Z = (dk-ijV^Z we can write 
for every a G (c4)Z: a = a'd^-i + a with a' ,a G Z. For any integer I we 
have a = (a' — Iv^d^-i + (a + ldk-i)Vk- Thus we can take a > 0. Dividing 



a = a vo + a\v\ + • • • + a^ffc 




Therefore 
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By induction hypothesis we get \af + J d k -i = clqVo + • • • + a k -iVk-i 
with < di < for < i < k — 1 and we are done. 

Unicity: Suppose that ao^o + • • • + a k Vk = a' vo + • • • + a' k v k with < a^, a\ < 
for i > 0. Let afc < a' k . Then (a' k — a k )vf. = mod(uo, . . . , Ufc_i)Z and 
consequently {a' k — a k )v k = mod(dfc_i)Z, which implies (a' k — a k ) = 
mod %^Z. 

Therefore a' fc — = mod %^Z and a' fe — a k = since < a' fc — < -g^-- 
Unicity follows by induction. ■ 

Lemma 1.2 With the above notations assume that ni-\Vi-\ < Vi for i G 
{2, . . . , k}. Then 

(i) n k v k G Nu H h N« fc _i, 

(ii) if a G Nt>o + • • • + Nvfc t/ien t/iere are integers ao, . . . ,a k such that 
a = oqVq + a\V\ + • • • + a k v k , where < ao and < a, < ra,; /or 
i G {l,...,fc}. 

Proof. 

1. Since nfci/fc = d k -i^ = (mod d^-iZ), by Lemma [LT] we can write 
Bezout's identity 

nkVk = a v + aivi H h ak-iVk-i, 

where ao G Z and < < rii for i G {1, . . . , k — 1} . 
Therefore we get 

a -uo = ™fc^fc 

> ^fcWfc 
= n k v k 

> n k v k 
= n k v k 

which proves (z). 



- oi^i a k -iv k -i 

- (ni - l)ui (nfe_i - l)vjfc_i 

- [(niui — «i) H h (nk-iVk-i - v k -i)] 

- [O2 - fx) H h (v k - Vk-i)] 

-v k + vi > 
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2. We have to check that a G Ni>o + • • • + implies oq > 0, where 
ao G Z is defined by Bezout's identity. If k = it is obvious. Suppose 
that k > and that the property is true for k — 1. By assumption 
we have a = qovo + • • • + q k v k with q{ > for i G {0, . . . , k}. By the 
Euclidean division of q k by n k we get q k = q'^n-k + a fc with < a k < . 

Thus a = g «o H + Qk-iVk-i + ^fc^A; + afcffc = a' + a k v k , where 

< ak < n k an d a' G Nu + • • • + by Property (i). Use the 

induction hypothesis. 



Remark 1.3 In fact we have proved the following property, stronger that 
the first part of Lemma \1.2[ if n k v k = aQVQ+a\V\ + - ■ ■+a k -iv k ^\ is Bezout's 
relation then oq > 0. 

Remark 1.4 Obviously n k > 1. From the first part of Lemma \l.£M t follows 
that n k > 1 if (and only if) Nt>o + • • • + Nun 7^ Nt>o + • • • + N^. 

Let n > be an integer. A sequence of positive integers (vq, . . . , Vh) is said 
to be a Seidenberg n- characteristic sequence or n- characteristic sequence if 
= and it satisfies the following two axioms 

1. Set di = gcd(t>o, ■ • ■ j Vi) for < % < h and = %^ for 1 < i < h. 
Then d^ = 1 and n.; > 1 for 1 < i < h. 

2. ni_iVi-i < Vi for 2 < i < h. 

Note that condition (2) implies that the sequence (vi,...,Vh) is strictly 
increasing. If n > 1 then /i > 1. If h = 1 then the sequence (vq,vi) is a 
Seidenberg n-characteristic sequence if and only if vq = n and gcd(«o,i>i) = 
1. There is exactly one 1-sequence which is (1). Note also that 2 h < n. 

If (vq, . . . ,Vh) is an n-characteristic sequence then for any k G {1, ... ,h} 



We say that a subset G of N is a semigroup if it contains and if it is closed 
under addition. 

Let G be a nonzero semigroup and let n G G, n > 0. Then there exists 
(cf. [He], Chapter 6, Proposition 6.1) a unique sequence vo,...,Vh such 
that vq = n, v k = min(G\voN + • • • + Ufc_iN) for k G {1, . . . , h} and G = 





sequence. Its associated 



and (ni, . . . ,n k ) 
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«oN + • • • + UfrN. We call the sequence (vq, . . . , Vh) the n-minimal system 
of generators of G. If n = min(G\{0}) then we say that (vq, • • • ,Vh) is 
the minimal set of generators of G. We will study semigroups generated by 
n-characteristic sequences. 

Proposition 1.5 Let G = vqISS + • • • + f^N where (vq, . . . ,Vh) is an n- 
characteristic sequence. Then 

1. The sequence (vq, . . . ,Vh) is the n-minimal system of generators of G. 

2. min(G\{0}) = min(?;o, v\). 

3. The minimal system of generators of G is (vq, v\, . . . , Vh) if Vq < V\, 
(«i,«o, ■ ■ ■ ,Vh) if vi < v and v (mod v 1 ) and (vi,v 2 , ■ ■ ■ ,v h ) if 
vq = (mod v\). Moreover, the minimal system of generators of G is 
a min(G\{0})- characteristic sequence. 

4- Let c = Y2k=i( n k~ l) v k~ Vo+1. Then for every a,b G Z: if a+b = c— 1 
then exactly one element of the pair (a, b) belongs to G. Consequently 
c is the smallest element of G such that all integers bigger than or 
equal to it are in G. 

5. c is an even number and (J(N\G) = |. 

Proof. We leave to the reader the proof of the first three claims. To 
prove the fourth claim (see [Sa-Stj ) we take two integers a, b £ Z such that 
a + b = c — 1. Let us write Bezout's relation a = a$v$ + a\V\ + ■ ■ ■ + a^Vh 
where ao £ Z and < a% < rii for % G {1, . . . , h} . Then by definition of c we 
get b = c-l-a = --yo + Efe=i( n fc- 1 )' t; fc- a o'yo-I]fc=i a kVk = -(a + l)«o + 
^2k=i( n k~ 1 — a k) v k- This is a Bezout relation. To finish the proof it suffices 
to remark that exactly one element of the pair (ao, —clq — 1) is greater than 
or equal to zero. For the last remark, note that (c + N) + (— N — 1) = c — 1 
and hence, if N > 0, then — N — 1 G and consequently c + JVeG for all 
N > 0. On the other hand, since G G we have c — 1 G and hence c is 
the smallest integer such that all integers bigger than or equal to it are in 
G. 

Finally we will prove the fifth claim. The mapping [0, c — 1] Pi G 3 a — > 
c-l-a G [0, c-l]n(N\G) isbijective. Therefore we have 2-J}([0, c-l]nG) = c 
and the last claim follows. ■ 

The number c is called the conductor of the semigroup G. 
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1.2 Plane algebroid curves 

We review here some basic notions from the local theory of algebraic curves. 
For more details we refer the reader to |Sei2| . 

Let / G K[[a;,y]] be a non-zero power series without constant term. An 
algebroid curve {/ = 0} is defined to be the ideal generated by / in K[[x, y}]. 
We say that {/ = 0} is irreducible (reduced) if / in K[[x, y]] is irreducible 
(/ has no multiple factors). The irreducible curves are also called branches. 
The order ord / of the power series / is, by definition, the multiplicity of 
the curve {/ = 0}. The initial form in/ of / defines the tangent lines of 
{/ = 0}. If {/ = 0} is irreducible then it has only one tangent line i.e. 
in/ = / orc ^ f where I is a linear form. 

A formal isomorphism $ is a pair of power series $>(x,y) = (ax + by + 
• • • , a'x + b'y + • • •) where ab' — a'b ^ and the dots denote terms in x, y 
of order bigger than 1. The map / — > f o $ is an isomorphism of the 
ring K[[x,y]]. Two curves {/ = 0} and {g = 0} are said to be formally 
equivalent if there is a formal isomorphism such that / o $ = g ■ unit. 

For any power series f,g € K[[x,y]] we define the intersection multiplicity 
or intersection number io(f, g) by putting 

k(f,g) = dim K K[[.x, ?/]]/(/, 3), 

where (/, g) is the ideal of K[[x, y]] generated by / and g. If /, g are non- 
zero power series without constant term then io{f,g) < +oo if and only if 
{/ = 0} and {g = 0} have no common branch. The following properties are 
basic 

1. if is a formal isomorphism then io(f, g) = io(f o <£, g o $). 
2- i (f,gh) = i (f,g) +i {f,h). 

Let t be a variable. A parametrization is a pair ((fi(t),ip(t)) £ K[[i]] 2 such 
that (j)(t) / or ip(t) ^ in K[[t]} and (f)(0) = ^(0) = 0. We say that 
the parametrization ((p(t),ijj(t)) is good if the field of fractions of the ring 
K[[4>(t),ijj(t)]} is equal to the field K((i)). 

Theorem 1.6 (Normalization Theorem) Let f = f(x,y) € K[[x, y]] be 
an irreducible power series. Then there is a good parametrization (cj)(t),ip(t)) 
such that f((f>(t), ip(t)) = 0. // (a(s), f3(s)) G K[[s]] 2 is a parametrization 
such that f(a(s),/3(s)) = then there is a power series a(s) £ K[[s]], a(0) = 
such that a(s) = (j)(a(s)) and f3(s) = ip(a(s)). 
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Let us recall also 

Theorem 1.7 Under the above assumptions and notations, for any power 
series g = g{x,y) G K[[x,y]] we have i (f,g) = ord g{<j){t),%j)(t)). 

Taking g = x (respect, g = y) we get from the above formula that ord /(0, y) = 
i (f, x) = ord cp(t) and ord f(x, 0) = i (f, y) = ord ip(t). 

Using Theorem 11.71 we check the following two properties of intersection 
numbers: 

3. If / is irreducible, then io(f,9 + g') > ini{i (f,g),io(f,g')} with equa- 
lity if i (f,g) / io(f,g')- 

4. If / is irreducible and io(f,g) = io(f,h) < +oo then there exists a 
constant c G K such that io(f,g — ch) > io(f,g). 

In what follows we need 

Lemma 1.8 Let f(x,y) G K[[x,y]] be an irreducible power series such that 
f(0,y) 7^ and let (a(s), f3(s)), a(s) ^ in K[[s]], be a parametrization 
such that f(a(s), /3(s)) = 0. Then, for every power series g(x,y) G K[[x,y]] 
we have 

ord g(a(s),/3(s)) = l °[{ ,9 \ ord a(s). 

Proof. Let (<f>(t),ip(t)) be a good parametrization of the branch {f(x,y) = 
0}. Then a(s) = <f>(a(s)), /3(s) = ip(a(s)) for a power series a(s) G K[[s]], 
a(0) = 0. We get ord a(s) = ord 0(t)ord a(s) = ord /(0, y)ord a(s) = 
i (f, x)ord a(s) 
and consequently 

ord a(s) 
ord cr(s) = , . 

*oC/» 

On the other hand ord 5(a(s), /3(s)) = ord g(4>(t), cj>(t)). ord a(s) and by 
Theorem 11.71 we get 

ord g(a(s),/3(s)) = i (f,g)ord a(s). 

Now the formula for ord g(a(s), /3(s)) follows. ■ 
For any irreducible power series / G K[[x,y]] we put 

r(/) = {io(f,g) ■ g runs over all power series such that g ^ (mod /)}. 
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Clearly is a semigroup. We call T(f) the semigroup associated with the 
branch {/ = 0}. 

Two branches {/ = 0} and {g = 0} are equisingular if and only if = 
r(g). Two formally equivalent branches are equisingular. The branch {/ = 
0} is non-singular (that is of multiplicity 1) if and only if T(f) = N. We 
have min(r(/)\{0}) = ord /. 

Different (but equivalent) definitions of equisingularity were given by Zariski 
in [Zalj . 

Note that the mapping g \— > io(f,g) induces a valuation Vf of the ring 
K[[x, y]\/{f). The semigroup T(f) can be described as the semigroup of 
values oi vj. 

2 The strong triangle inequality 

In this section we generalize the well-known property of the intersection 
multiplicity [Pi] to any characteristic. Let us begin with the notion of loga- 
rithmic distance. 

Let A be a non-empty set. A function d : A x A — > RU {+00} satisfying 
for arbitrary a,b,c G A, the conditions: 

(i) d(a, a) = +00, 

(ii) d(a, b) = d(b, a), 

(iii) d(a,b) > inf{d(o, c), d(b, c)}, 

will be called a logarithmic distance (for short log-distance). We call the 
third property the Strong Triangle Inequality (the STI). It is equivalent to 
the following 

(iii') at least two of the numbers d(a,b),d(a,c),d(b,c) are equal and the 
third is not smaller than the other two. 

Lemma 2.1 Let d be a log-distance in the set A. For any a±, . . . ,a m , 
61, ... , b n , c € A at least one of the following conditions holds: 

(I) there exists aj£ {1, . . . , n} such that for any i G {1, . . . , m}, d(oj, c) < 
d(ai,bj), 

(II) there exists ani G {1, . . . , m} such that for any j G {1, . . . , n}, d(bj, c) < 
d(ai,bj). 
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Proof. Let us suppose that neither (I) nor (II) holds. Then, for any j £ 
{l,...,n} there exists an index p(j) G {l,...,m} such that d(a p ^,c) > 
d{a p (j),bj) and, for any i £ {1, . . . ,m}, there exists s(i) £ {1, ... ,n} such 
that <i(6 s (j), c) > d(cij, b s (i)). Applying the STI to o p (j), bj, c and to Oj, b s u\,c 
we get 

d ( a P (j)> b j) = d (bj,c) < d(a p{j) ,c), (1) 

and 

d(ai,b s( j)) = d(ai,c) <d(b s(i) ,c). (2) 
We may assume without loss of generality that 

d(a p(1)) bi) = sup{d(a p(i) ,6 j )}. (3) 

Using successively ([1]), (|2j) and again (P), we get 

d(a p (i),bi) < d(a p ^,c) = b s (p(x))) < d(h s ( p (i)), c) = c^a^), bj-J 

with ji = s(p(l)). Thus we have d(a p (i),bi) < d(a p (j 1 \, bj x ), which contra- 
dicts assumption ©. ■ 

An important log-distance on the set of branches can be defined by means 
of the intersection multiplicity. Let {I = 0} be a smooth branch. For any 
branches {/ = 0} and {g = 0} different from the branch {/ = 0} we put 

*(f t g)- W > 9) 



*'o(/,0*o(S,0 
Our aim is to prove 

Theorem 2.2 The function d\ is a log-distance in the set of all branches 
different from {/ = 0}. 

Proof, (cf. [Chad-Pip 

We may assume I = x. Since d x (f,f) = +00 and d x (f,g) = d x (g,f) it suf- 
fices to check the STI. Let {/ = 0}, {g = 0} and {h = 0} be three branches 
different from {x = 0}. Let m = io(f,x) = ord /(0, y), n = io(g,x) = 
ord y(0,y), p = io(h,x) = ord h(0,y). Using the Weierstrass preparation 
theorem we may assume that /, g, h are distinguished polynomials of degree 
m,n,p respectively. Using the Normalization Theorem we check (see |Sei2j . 
Theorem 21.18) that there exist power series ct(s), Oj(s), [3j(s) and jk( s ) 
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such that f(a(s),y) = \{T =1 {y - g{a(s),y) = U] =1 (y - fij(s)) and 

h(a(s),y) =Ilfc=i(f-7fc(*))- 

The function d : K[[s]] x K[[s]] — >RU {+00} given by d(a(s), /3(s)) = 
ord(a(s) — f3(s)) is a log-distance in K[[s]]. Fix k G {1, ...,p} and use 
Lemma I2TT1 to ai(s), . . . , a m (s), Pi(s), . . . , /3 n (s) and 7(s) = 7fc(s). Then 

(I) there exists a j G {1, n} such that ord (aj(s) — 7(5)) < ord (aj(s) — 
(3j(s)) for all i G {1, ... or 

(II) there exists ani 6 {1, . . . , m} such that ord ((3j(s)—-f(s)) < ord — 
^•(s)), for all j G {!,..., n}. 



If (I) holds then YliLi ord ( a i( s ) ~ l( s )) < YliLi °rd (ctj(s) — f3j(s)) that is 
ord /(a(s) l7 (a)) < ord /(a(a), ^(s)). By LemmaQwe get gg^ < gjgg 



which implies d[(f,h) < di(f,g). 

If (II) holds then £™ = i ord (^-(s) - 7 (s)) < £™ = i ord (a<(s) - ^(s)) that 
is ord g(a(s),j(s)) < ord g(a(s), ai(s)) and again by Lemma [1.81 we get 

^)<Wf) which im P lies d ^ ^ 
Consequently di(f,g) > mi{di(f,h),di{g,h)}. ■ 

Corollary 2.3 The function d(f, g) = or d°^o r d — ^ s a log- distance in the 
set of all branches. 

3 The semigroup of a plane algebroid branch 

The aim of this section is to study the structure of the semigroup associated 
with a plane branch. We follow the method developped by Seidenberg in 
[SeTT] . 

Let / = f(x,y) G K[[x,y]] be an irreducible power series and let T(f) be 
the semigroup associated with the branch {/ = 0}. Suppose that {/ = 0} 7^ 
{x = 0} and put n = io(f,x). Let (bo, . . . ,bh), bo = n be the n-minimal 
system of generators of T(/). 



Lemma 3.1 T(f) is a numerical semigroup i.e. gcd(r(/)) = 1. 
Proof. Let ((j)(t),ijj(t)) be a good parametrization of the branch f(x, y) = 0. 



Then we have K((i)) = K(((f)(t),ip(t))) and we can write t - 



11 



for some p(x,y),q(x,y) G K.[[x,y]], q ^ (mod /). Taking orders gives 
1 = io(f,p) -*o(/,?)- Put a := i (f,p) and b := io(f,q). Then a,b G 
and gcd(a, 6) = 1, which proves the lemma. ■ 

We put eo = n, efc = gcd(efc_i, &&) for k G {1, . . . ,h} and = for 
G {1, . . . By Lemma 13.11 we have = 1. In what follows we write 
instead of i (f,g). 

Theorem 3.2 (Semigroup Theorem) Let {/ = 0} be a branch such that 
{/ = 0} ^ {x = 0}. Set n = vj(x) and let bo,...,bh be the n-minimal 
system of generators of the semigroup T(/). There exists a sequence of 
monic polynomials /o, /i, • • • , fh-i £ K[[x]][y] such that for k G {1, . . . , h}: 

(a k ) deg y (/ fc _i) = 

(h) Vf(fk-i) = h for k G {1, . . . , h}, 
(c fe ) ifk>l then n fc _i6 fc _i < b k . 
Moreover n k > 1 /or a// G {1, . . . , h}. 

We give the proof of the Semigroup Theorem in Section SJ The sequence 
bo,...,bh is a Seidenberg n-characteristic sequence and will be called the 
Seidenberg n- characteristic of the branch {/ = 0} (with respect to the 
regular branch {x = 0}). We will write char x / = (bo, ■ ■ ■ , b^). There- 
fore char^/ is determined by n = Vf(x) and the semigroup T(/). Let fh 
be the distinguished polynomial associated with / and let bh+i = +oo. 
Then deg y fh = f- = n and Vf(fh) = bh+i = +oo. The polynomials 
/o, fi, . . . , fh G K[[x]][y] will be called key polynomials of /. They are not 
uniquely determined by /. 

Corollary 3.3 Suppose that two branches {/ = 0} and {g = 0} intersect 
the axis {x = 0} with the same multiplicity n < +oo. Then char x / = char^g 
if and only if {/ = 0} and {g = 0} are equisingular. 

Let /Jo, • • • ,P g be the minimal system of generators of the semigroup T(/) 
(ft = min{r(/)\{0}} = ord /). We put cha7/ = (&,... Note that 
char/ = char x ./ if and only if Vf(x) = ord /. 

Corollary 3.4 (Inversion formulae) Let char a ./ = (bo, &i, • • • , T/ien 
char/ = char x / i/ and only if bo < b±. If b\ < bo and bo ^ (mod b\) then 
char/ = (&i, bo, ■ ■ ■ , 6/j). If bo = (mod b±) then char/ = (&i, &2, • • • , o/i)- 
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Proof. The corollary follows from the Semigroup Theorem and from the 
third claim of Proposition 11.51 ■ 

Let O be the normalization of the ring O = K[[x, y]]/(f) and let C be the 
conductor ideal of O in O. Put c(/) = dimK O/C. Then c(/) is the smallest 
element of such that c(f) + N 6 for any integer iV > (see 

[Camlj . p. 136). 

Corollary 3.5 (Conductor formula) If char x / = (po, b\, . . . , 6^) t/ien 
c (/) = Z)fe=i(«fc - - b + 1. 

Proof. Use the Semigroup Theorem and the fourth claim of Proposition 
IT31 ■ 

Notes 

Seidenberg gave in [Seil] the description of the semigroup of a zero-dimensio- 
nal valuation of the extension K(x, y)/K ([Soil], Theorem 6, p. 398) in terms 
of generators. The case of the semigroup associated with an algebroid plane 
branch was studied by Azevedo in [Az| . His method based on the Apery 
sequences was extended by Angermiiller in |Ang| to the case of arbitrary 
characteristic. For different characterizations of the numerical semigroups 
we refer the reader to [Hej . Chapter 6. 

If n = Vf(x) ^ (mod char K) the Puiseux series are available. Zariski in 
|Za3j (see also |Gw-Pl] , |Poj ) constructed the sequence f3o, . . . , (3 g and the 
corresponding sequence of key polynomials by using Puiseux series expansion 
determined by the equation f{x, y) = 0. This method turned out efficient 
when applied to the semigroups of integers associated with meromorphic 
curves (see |A-Mlj . |A3j ) . A proof of the Semigroup Theorem based on the 
Hamburger-Noether expansion was given by Russel in |Ruj and Campillo in 
[Camlj . |Cam2| . To describe classes of equisingular plane algebroid branches 
one uses characteristic pairs (see [Mohlj . [LJ] ). 

4 A proof of the Semigroup Theorem 

Let {/ = 0} be a branch such that n = io(f, x) < +oo and let bo, . . . , be 
the n-minimal system of generators of the semigroup T(f). Observe that by 
the Weierstrass Division Theorem: 

T(f) = {v f (g) : geK[[x]][y}\{0} : deg, y g<n}. 

Proposition 4.1 There exists a monic polynomial fo £ K[[x]][y] such that 
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(ai) deg,(/ ) = £ = 1, 
(hi) «/(/o) = &i- 

To prove Proposition 14.11 we check the following three properties: 

Lemma 4.2 (Property Io) If ip is a non-zero polynomial with deg y ip < 1 
then Vf{ip) G N6 - 

Proof. Obviously tp G K[[x]]. Thus = (ord ip)vf(x) G N6 . ■ 

Lemma 4.3 (Property IIo) If deg y tp < 1 f/ien Vf{y + ip) < h\. 

Proof. Let g G K[[x]][y] be such that Vf(g) = h\. By the Euclidean division 
we get g = Q ■ (y + ip) + ip\ with G K[[x]]. Clearly Vf(g) ^ Vf{ip\) and we 
get hi > m({vf(g),Vf(ipi)} = v f (g - ipi) = v f (Q • (y + ip)) > v f (y + ip). m 

Lemma 4.4 (Property IIIo) If ip G K[[x]] and Vf(y + tp) G N6o i/ien 
t/iere exists a power series ip G K[[x]] such that Vf(y + tp) > Vf(y + tp). 

Proof. There exists an integer a > such that Vf(y + ip) = ab$ = Vf{x a ). 
Therefore there is an element c G K such that v f(y + ip — cx a ) > Vf(y + ip). 
We put ip = ip — cx a . ■ 

Proof of Proposition 14.11 From Properties (IIo) and (IIIo) h follows 
that there exists a monic polynomial /o of degree 1 such that Vf(fo) G" N6q- 
By definition of b\ we get i>/(/o) > The equality follows from Property 
(Ho)- ■ 

Proposition 4.5 Suppose that there exist monic polynomials /o, /i, . . . , /fc-i 

(a*) deg y (/i_i) = ^- x , 

{h) = 6i /or z G {1, . . . , A;}, 

(cj) ni^ibi-i <hi for i G {2, . . . , fc}. 

T/ien i/iere exists a monic polynomial fk G K[[x]][y] smc/i i/iai 
(afc+i) deg y (/ fc ) = ^, 
(fcfe+i) = 6 fc+ i, 
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(cfc+i) n k b k < b k+ i. 
To prove Proposition 14.51 we check the following three properties: 

Lemma 4.6 (Property 1^) If ip is a non-zero polynomial with deg y tp < 
^ then v f {i>) G Nb^ + ■■■ + Nh. 

Proof. Let I < k. We will prove that for deg y ip < ^ we have vj(ip) G 

N6o + • • • + N&z. We proceed by induction on I. The case I = is already 
proved (see Property Io). Let I > and suppose the property holds for 
polynomials of degree less than ^-j-. Fix tp G K[[x]][y] with deg y (^) < ^ 
and consider the /;_i-adic expansion of ip: 

V = V'o/f-i + ^i/r i 1 + --- + ^, (4) 
where / 0, deg^tpi) < deg J/ (/;_i) = 
deg 

Note that s < j - < m. Let / be the set of all i G |0, . . . , s\ such 

- deg a (/i_i) _ 

that tpi / 0. Therefore, by the induction hypothesis we get Vf(tpi) G N&o + 

• • • + N&z_i, and 

Vf(ipi) = mod e;„i for i £ I. (5) 

Moreover 

+ '•/('•,./; for i ^ j g /. (6) 

Indeed, suppose that ([6]) is not true, so there exist i,j £ I such that i < j 
and Vf(tpifiZi) = Vf(tpjfiZx)- Therefore t>/Oi) + (s- i)v f {fi-i) = Vf(tpj) + 
(s - j)vf(fi-x) and (j - u/(^j) - w/(^i) = mod e;_i by ([5]). The 

last relation implies (J — i)^- = mod n\ and consequently j — i = 

mod n/ because ^ and n; are co-prime. We get a contradiction because 
0<J — i < s < n[. Now by (jl]) and (jGj) we get 

^(V) = mmi =0 v f (^f^)=v f ^ j fn) 

= v f ^ j ) + (s-j)Fi£issb^ + --- + m l , 

for some j G /. ■ 

Lemma 4.7 (Property 11^) If deg y ip < j- then v/(y efc + ^) < &fc+i- 



15 



Proof. Let g G K[[x]][y] be such that Vf(g) = b k +i- By the Euclidean 

n 

division we get g = Q • (y ek + ?/>) + ipi with ipi G K[[a;]][y] and deg u ipi < 
We may assume tpi ^ 0. Therefore Vf(ipi) G N&o + • • • + by Property 
(I fc ) and = b k+1 / u/(^i). Now we get b k+1 > mf{v f (g), v/Oi)} = 

ti ti 

- fa) = vf{Q ■ (y e * + V)) > ^/(y efe + i>)- ■ 

Lemma 4.8 (Property Illfc) Iftp G K[[a;]][y] withdeg y ip < j*- andvj{y e k + 
•0) G N6o + • • • + N6fc then there is a polynomial ip G K[[x]][y], deg^ ip < ^- 

ri ti 

such that Vf(y e k + ip) > Vf(y e k + ip). 

Proof. By Lemma fl . 2 1 any element of the semigroup N6g + - • - + N&fc has the 
form oo^o + H — ■ + a kbk with oq > and < a, < n-j for i G {1, . . . , k}. 

n 

Therefore we can wr ite v s {y e k + tp) = Vf{x a °f^ ■ ■ ■ f^) and there is an 

71 71 

element c G K such that u/(y e * — cx a ° /g 1 • • • f^_i) > Vf(y e k + -0). Let 

n 7i 

ifi = ip — cx a ° Jq 1 ■ ■ ■ fu^_i- Then we have u/(y efc + -0) > t>/(y efe + ■0). Since 
deg,^/^ • • • / fc %) = ai + 02^ + • • • + {a k )±- 1 < (ni - 1) + (n 2 - 1)£ + 
■ • • + (n fc - 1)-*- = - 1< deg„ < f . ■ 

Proof of Proposition 14.51 From Properties (life) and (Illfc) it follows 
that there exists a monic polynomial fk of degree j- such that Vf(fk) G" 

N6 + • • • + N6fc. By definition of bk+i we get Vf(fk) > 6fe+i- The equality 
follows from Property (life). 

To check (c k+1 ) observe that u / (/^ 1 ) = n fc 6 fc and deg^ = n fc ^- = ^. 

Therefore n^bk < bk+i by Property (life). By Lemma [L~2l we get n k bk < bk+i 
since b k+ i N6 H h N6 fc . ■ 

Proof of Theorem 13.21 The theorem follows by induction from Propo- 
sition 14.11 Proposition 14.51 and from Remark II. 4[ ■ 

Remark 4.9 From Theorem \3.2\ and Lemmas \4-6\ \4- "A and \4-8\ it follows 
that Properties Ik, Ilk an d IHk hold for all < k < h. 

Remark 4.10 Let {/ = 0} ^ {x = 0} be a branch such that n = io(f,x) > 
1. Let bo,...,bh, bo = n be the n-minimal system of generators ofT{f). 
Suppose that the first k + 1 terms bo,...,bk, with k < h are given. Let 
/fe G K[[x]][y] be a monic polynomial of degree ^- such that io(f,fk) 
(mod efe). T/ien fry Property Ilk we get io(f,fk) < &fe+i- ^ e inequality 

io(f, /fe) > fol lows from the fact that i (f, f k ) N6 H h N6 fc . W^e 

get io(f,fk) = bk+i and fk is a k-th key polynomial of f . 
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Examples 4.11 

Let K be an algebraically closed field of characteristic p > 2. 

A. Letf{x,y) = y p2 - 1 +y p -xP 2 = (y-xP) p + yP 2 - 1 . Put (<f>(t),i/>(t)) = 
(t p + t p ~ 1 ,t p ). We have f(4>(t),ip(t)) = and f is irreducible in 
~K[[x,y]]. Since the order of f is the prime number p we get char/ = 
(bo,bi) where bo = ord / = p. To calculate b\ we have to construct 
a monic polynomial fo = y + ---of degree 1 such that «o(/>/o) ^ 
(mod e ), e = b = p. Take g = y - x p . Then i (f,g) = p(p 2 - 1) = 
io(f,x p There is a constant c G K such that io(f,g — cx p _1 ) > 
io(f,g). Using the parametrization ((f>(t),tjj(t)) we find that c = — 1. 
Let / = g-cxP 2 ' 1 = y-xP+xP 2 ' 1 . Thenjo(fjo) = p 3 +p 2 -2p-l ^ 
(mod p) and by Remark \4-10\ we get b\ = p 3 + p 2 — 2p — 1 and 
consequently char/ = (p,p 3 + p 2 — 2p — 1). 

B. Letf(x,y) = yP 2 ~ 1 +yP 2 -P-xP 2 = ( y P- 1 -xP)P+y p2 - 1 and(</>(t),i/>(t)) = 
(t p2 ~P + t p2 ~ 1 ,tP 2 ). We have f((j)(t),ip(t)) = and f is irreducible in 
K[[x, y]]. Since ord / = p 2 —p and io(f, y) = p 2 ^ ( mod (p 2 —p)) we 
get b = p 2 - p, 6i = p 2 , e x = gcd(6 ,&i) = P and char/ = (b ,bi,b 2 ). 
To compute b 2 we have to construct a monic polynomial f\ G K[[x]][y] 
of degree ^ = p — 1 such that io(f, fi) ^ (mod p). Starting with the 
polynomial g = y p ~ l — x p and proceeding like in Example A we find 
fi = y p ~ x — x p + x p+1 . Since io(f, fi) = p 3 — 1 we get b 2 = p 3 — 1 and 
consequently char/ = (p 2 —p,p 2 ,p 3 — 1). 

5 Key polynomials 

The key polynomials under the name of semi-roots were studied by Ab- 
hyankar [A2] and Popescu-Pampu [Poj . Here we propose the treatment 
without any restriction on the field characteristic. 

Let / = f(x, y) G K[[x, y]] be an irreducible power series such that io(f, x) = 
ord f(0,y) = n < +oo and let char x / = (bo, . . . ,bh), bo = n. Let k G 
{0, . . . , h}. Recall that a monic polynomial g G K[[x]][y] is a k-th key poly- 
nomial of / if deg^ g = j- and vj(g) = b^+i- By the Semigroup Theorem, for 
any k G {0, . . . , h} there exists a fc-th key polynomial of /. We fix a sequence 
fo, ■ ■ ■ , fh of key polynomials of / such that fk is a £>th key polynomial. 

Proposition 5.1 Let g G K[[x]][y] be a k-th key polynomial of f . Then g 
is an irreducible (in K[[x]][y]) distinguished polynomial. 
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Proof. 

Suppose that g is not irreducible. Then g = g\g2 in K[[x]][y] with monic 
polynomials 51,52 of positive degrees. Consequently, deg y g\ , deg y 52 < 
degyS- = ^ and by Property I fc we get i (f ', gi) , io(f ', 92) G N6 H h N6 fc 

and b k+ i = i (f,g) = i (f,9i) + *o(/,02) G N6 H + N6 fc which is a 

contradiction. Therefore 5 is irreducible in K[[x]][y]. 

To check that 5 = g(x,y) G K[[x]][y] is distinguished observe that from 
irreducibility of g in K[[z]][y] and from Hensel's Lemma we get g(0,y) = 
(y — c) n l ek in K[y]. On the other hand the condition io(f, g) = 6fc+i implies 
g(0, 0) = since bk+i > 0. Hence c = and g is a distinguished polynomial. 
■ 

Corollary 5.2 The key polynomials of f € K[[x,y]] are distinguished and 
irreducible in K[[x, y}]. 

Proof. The corollary follows from the fact that a distinguished polynomial 
irreducible in K[[x]][y] is irreducible in K[[x,y]] (see jAlj . p. 75). ■ 

Lemma 5.3 Let f = f(x,y) £ ~K[[x,y]] be an irreducible power series such 
that n = io(f, x) < +00 and let (60, ... , b^) be an n- characteristic sequence. 
Suppose that there exist monic polynomials /o, . . . , fh-i G such that 

degy fk = ^ and k(f, fk) = h+i for k G {0, . . . , h - 1}. Then char^/ = 
(b , ... ,b h ) and / , . . . , fh-i are key polynomials of f. 

Proof. Recall that T(/) = {v f (g) : g_e K[[x]][y}\{0} : de Sy g < n}. By 
Lemma f4.6l we get = N&o+ - ■ "+N6/J. According to the first statement of 
Proposition II .51 the sequence bo, . . . , is the n-minimal system of generators 
of the semigroup T(f) and the lemma follows. ■ 

Proposition 5.4 Let g be a k-th key polynomial of f. Then g is a dis- 
tinguished polynomial, irreducible in K[[x,y]] with characteristic char x <7 = 

f . . . , ^\ . Moreover the polynomials /o, /1, • • • , fk-l are key polynomials 

of 9. 

Proof. We have already checked that the key polynomials are distinguished 
and irreducible. Let us calculate io{fi,g) for i < k. Consider fi,g, f and the 

log-distances d x (fi,9_) = &ieki °J fi ' 9) , d x (fi, /) = ^ and d x (g,f) = 

The sequence (ej_i&j) is strictly increasing, therefore d x (fi, f) < d x (g,f) 

and by the STI we get d x (fi,g) = d x (fi, f) which implies i (fi,g) = ^t 1 . 
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On the other hand deg y = £ = i : Ji and f£ = gcd . . . , |) . The 
proposition follows from Lemma |5, 31 ■ 

We finish this section with 

Proposition 5.5 Let h G K[[x]][y] be a (k — l)-th key polynomial of f and 
let g G K[[x]][y] be a monic polynomial such that deg y g = ^- and Vf(g) > 
n^bk- Let g = h Uk + aih nk ~ l + • • • + a n , deg a{ < deg v h = — n — be the 
h-adic expansion of g. Then Vf{aj) > ib k if 1 < i < and Vf(a nk ) = n^b^- 

Proof. Consider the /i-adic expansion of g 

g = h n * + a^" 1 + ■ ■ • + a nk , (7) 

where deg^ Oj < deg y h = n/e k -i- 

Let / be the set of all i G {1, . . . , n^} such that etj 7^ 0. Since Vf(g) > n^b^ = 
Vf(h nk ), 1/0. There is Vf{ai) < +00 for i E I and by Property I& we get 
Vf(a,i) G N&o + • • • + N6fe_i, hence Vf(a,i) = mod ek-i for every i g J. We 
have 

Vfiaih 71 ^) £ Vf( aj h nk - j ) (8) 

for i,j & I with i 7^ j. 

Indeed, Vf(aih nk ~ l ) = Vf{ajh nk ~ 3 ) with i < j implies, as in the proof of 
Property I k , the congruence (j — i)bk/ek = mod n&, which leads to a 
contradiction for < j — i < n^. 

From and ([8]) we have 

v f (g - h nk ) = mmv f { ai h nk - 1 ). (9) 

i=l 

By assumption > n^b^ = t>/(/i n *), so Vf(g — h nk ) = n^bk and © im- 

plies nfc&fc < Vf(aih Tlk ~ l ) = Vf(ai) + (rtfc — for i € {1, ... , n^}. Therefore 
we get 

u/(oi) > ib k (10) 

for i G {1, . . -,n k }. 
Moreover, 

if Vf(ai) = ibk f° r * ^ {1) • • • ) then % = n k . (11) 

Indeed, from Vf{a{) = ibk it follows that ibk = mod ek~\ and ibkj^k = 
mod nfc, so i = mod because bk/ek and are coprime. Hence we 
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get i = nk- According to © there exists io & I such that Vf(ai h nk 10 ) = 
Vf(g — h Tlk ) = rikbk- Thus Vf(a io ) = igb^ and by (fTT|) we get i$ = n^. m 

Notes 

Key polynomials of / introduced in |Macj , define curves of maximal contact 
with {/ = 0} (see |LJ] ) and are connected with curvettes associated with 
extremal points in the dual graph of {/ = 0} (see, for example |GBj p. 54, 



^o] p. 13). They also play an important role in studying valuations Sp . 



6 The Abhyankar-Moh theory 

We are going to prove the Abhyankar-Moh Theorem on approximate roots 
using the properties of key polynomials explained in Section [SJ First let us 
recall the basic notions of Abhyankar-Moh theory (see [A-Mlj , [A3] or [Po] ) . 

Let R be an integral domain and let d > 1 be a positive integer such that 
d is a unit in R. Denote deg/ := deg y f the degree of the polynomial 
/ E R[y] in one variable y and assume that d divides deg /. According 
to Abhyankar and Moh ( |A-Mlj . Section 1) the approximate d-th root of 
/, denoted by \ff is defined to be the unique monic polynomial satisfying 
deg(/ — ( v 7 /) ) < deg / — deg \ff. For the existence and uniqueness of y/J 
see |A-M1| . We put by convention yff = /. Obviously degy 7 / = ^f^"- 
From the definition it follows that \j \f] = %ff if ed is a unit which divides 
deg / (see |Gw-PlQ . 

Given any monic polynomial g G R[y] of degree degf/d we have the g-adic 
expansion of /, namely 

f = g d + ai/- 1 + • • • + a d , 
where G R[y], dega^ < deg g. 

The polynomials Oj are uniquely determined by / and g. 

The Tschirnhausen operator Tf(g) := g+ ^ai maps g to Tf(g) which is again 
a monic polynomial of degree degf/d. One checks (see |A-Mlj . Section 1 
and Section 6) that 

1. a\ = if and only if g = yf, 

2. if / = (Tf(g)) d + W(rf(g)) d ~ 1 H h is the r f (^-expansion of / 

then deg aT < deg a\ or a! = 0. 

Using the above properties we get 



20 



3. \fj = Tf(rf • • • (Tf(g))) with tj repeated degf/d times. 

Let / = f(x,y) G K[[x]][y] be an irreducible distinguished polynomial of 
degree n > 1 such that char x / = (6 , • • • , bh), &o = n. 

Proposition 6.1 Let g = g(x,y) G K[[x]][y] be a monic polynomial such 
that deg v g = — and vt(g) > n^b^. Assume that rik ^ mod char K. Then 

(i) if h is a (k — l)-th key polynomial of f then r g (h) is a (k — l)-th key 
polynomial of f as well, 

(ii) v f ( y§) = b k . 

Proof. Consider the /i-adic development of g: g = h nk + a\h nk ~ l + • • • + 
a nk . By Proposition 15.51 we get Vf(a\) > bk (because > 1). Therefore 
v f (Tg(h)) = Vf(h + icti) = v f (h) = b k . Clearly deg y r g (h) = deg y h and (i) 
follows. 

To check (ii) use deg y g/n^ = n/ek-i times (i) and the formula for the 
approximate root n ^/g in terms of r g . ■ 

Now we can prove the Abhyankar-Moh Theorem (see |A-Mlj ). 

Theorem 6.2 (Abhyankar-Moh Fundamental Theorem on approximate roots) 

Let f = f(x,y) £ K[[x]][y] be an irreducible distinguished polynomial of 
degree n > 1 with char x / = (bo,b\, . . . ,bh) and &o = v f( x ) = n - Let 
1 < k < h + 1. Suppose that e^-x ^ mod char~K. Then: 

1. Vf (^Vf) = h, 

2. efe_ v / 7 i s an irreducible distinguished polynomial of degree n/e^i such 
thatchaix efc VJ= (&o/efe-i,6i/e fe _i,...,6fe_i/e fc _i). 

Proof. According to Proposition 15.41 it suffices to check the first part of the 
theorem. We use descendent induction on k. If k = h+l then e^-i = e/, = 1, 
bk = bh + i = +oo and obviously vj( V7) = fr/i+i- Let k < h. Suppose that 
efc ^ (mod char K) and Vf( e V7) = bk+i- The polynomial e YJ is of degree 
n/ek and vj( e - k /f) > nkbk so we can apply Proposition 16.11 (ii) to g = V7 
to get Vf( n ^fg) = bk provided that rik ^ (mod char K). 

Assume that Ck-i ^ (mod char K). Then ek,nk ^ (mod char K) and 
we have n ^fg = n y e - k /J = £k -^ff ' ■ Consequently, vj( efc ~V7) = bk and we 
are done. ■ 
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Corollary 6.3 Suppose that n ^ (mod char K.). Then e v / / ', e v / J, . . . , 
e ^/f is a sequence of key polynomials of f . 



We say that a projective plane curve C defined over K has one branch at 
infinity if there is a line L (line at infinity) intersecting C in only one point 
O, and C is analytically irreducible at O, that is the equation of C in an 
affine coordinate system centered at O is irreducible in the ring of formal 
power series. 

In what follows we denote by n the degree of C, by n' the multiplicity of C 
at O and we put d := gcd(n, n'). 

We call C permissible if d ^ (mod char K). 

Let us denote by To the semigroup of the branch at infinity of the curve C. 
Since C and L intersect with multiplicity n at O there exists the n-minimal 
system of generators of To- 

Theorem 6.4 (Abhyankar-Moh inequality) Assume that C is a curve 
of degree n > 1 with one branch at infinity and let (po, . . . ,bh) be the n- 
minimal system of generators of the semigroup To ■ If C is permissible, then 
eh-ihi < n 2 . 

Proof. Let (x, y) be an affine coordinate system centered at O such that 
L has the equation x = 0. Let f(x, y) = be a polynomial equation of C 
of total degree n. Multiplying / by a constant we may assume that / is 
an ^-distinguished polynomial (of degree n since C and L intersect only at 
O) irreducible in K[[x,y]]. Let char x ./ = (bo, . . . ,6^). We have bo = n and 
b\ = n' . Therefore e\ = gcd(bo,b\) = gcd(n,n') ^ (mod char K) and 
consequently e^-i ^ (mod char K). 

By Theorem 16.21 applied in the case k = h the approximate root Eh -iff 
exists and io(f, eh ~Y7) = bh- One checks that the total degree of &h ~if] 
is (see, for example |Gw-Pl] . Remark on p. 201). Thus by Bezout's 

theorem applied to / and eh -^ff we get bh = io(f, eh ~Vf) — n r i ^ — - In fact, 

*~-h — 1 

we have bh < n—^— for bh = n—^— would imply bh = (mod e^_i) which is 
impossible. ■ 

The Abhyankar-Moh inequality implies an upper bound for the conductor c 
of the semigroup To'- 

Corollary 6.5 Under the notations and assumptions of Theorem \U7^ 



c < (n - l) 2 - (ni - l)(n - h) = (n - l) 2 - (- - 1 ) (n - ri). 
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Proof. By the Abhyankar-Moh inequality we have ek-ibk < n 2 for k £ 
{1, . . . , h} since the sequence (e^-ibk) is increasing. By the Conductor for- 
mula (Corollary 13. 5 [) we get 

h 

c = ^2( n k - tfh -b + l = (r 
fc=i 

= (n-l) 2 -(m-l)(n-^) 
< (n-l) 2 -(m-l)(n-^) 

The last equality follows from the fact that b\ = min(To\{0}) = multoC = 
n! . m 

Now we can prove 

Theorem 6.6 (Abhyankar-Moh Embedding Line Theorem, first formulation) 

Assume that C is a rational projective irreducible curve of degree n > 1 with 
one branch at infinity and such that the center of the branch at infinity O 
is the unique singular point of C . Suppose that C is permissible and let n' 
be the multiplicity of C at O. Then n — n' divides n. 

Proof. Let c be the conductor of the semigroup Tq- Then we have 

c< (n- l) 2 - Q - l) {n-ri) (12) 

by Corollary 16.51 

On the other hand from the Noether formula for the genus of projective 
plane curve we get 

c= (n- l)(n- 2). (13) 
Combining f)12|) and (|13p we obtain — l) (n — n') < n — 1 < n and 

il ~ !) (l ~ t) < 2- Therefore we get \ - ^ = 1 and n - n' divides n. 
m 

Remark 6.7 From the proof of Theorem \6.6\ we also conclude that gcd(n, n') = 
n — n' . 



i 



-l) 2 -]T(n fc -l)(^ 
h 

£(«* - 1) 



k=2 



n 



efc-i 



(n-l) 2 -g-l) (n-n 1 ). 
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Remark 6.8 Let us keep the assumptions of Theorem 1 6. 6\ and let /3q, f3\, . . . 
be the minimal sequence of generators of the semigroup To- Then n' = /3q 
and since n is the intersection multiplicity of the branch at infinity with a 
nonsingular branch we have n < j3\ and n = (mod (3q) if n ^ f3\. We 
claim that if n / (3\ then n = 2(3 . Indeed, if n ^ Pi then n = a(3 for an 
integer a > and n = b(n — /3o) for an integer b > by Theorem 1 6. 61 Thus 
we get a = (a — 1)6 which implies a = 2. 

We say that a nonsingular projective curve C has maximal contact with C 
at infinity if C intersects C at with multiplicity (3\ (see \LJ$ ). The line at 
infinity has maximal contact with C if and only if n ^ 2n' . If n = In' then 
there exists a nonsingular curve C of degree 2 which has maximal contact 
with C at infinity (if f = is the affine equation of C such that in the proof 
of Theorem \6.Jj\ then C is given by the equation yf = 0). 

A polynomial mapping F = (P, Q) : K — > K 2 is called a polynomial 
embedding (of the line K) if there is a polynomial G : K 2 — > K such that 
Go F is equal to the identity of K. 

Theorem 6.9 (Abhyankar-Moh Embedding Line Theorem, second formulation) 

If F = (P, Q) : K — > K 2 is a polynomial embedding such that m = deg P, 
n = degQ > and gcd(m,n) ^ (mod char then m divides n or n 
divides m. 

Proof. We may assume that 1 < m < n. Let C be the projective closure 
of the affine curve F(K?). Then C is irreducible, rational with one branch 
at infinity centered at O = (0 : 1 : 0) . Moreover C is of degree n = deg Q 
and its multiplicity at O is n' = deg Q — deg P = n — m. Therefore C is 
permissible. Apply Theorem 16.61 to the curve C. ■ 

Notes 

S.S. Abhyankar and T.T. Moh developed the theory of approximate roots 
of polynomials with coefficients in the meromorphic series field K((x)) in 
the fundamental paper [A-Mlj . In |A-M2j they applied approximate roots 
to prove the Embedding Line Theorem. Later on Abhyankar in |A3| gave a 
simplified version of |A-M1] and |A-M2j . The approach of Abhyankar and 
Moh is based on the technique of deformations of power series. H. Pinkham 
in (Pi] proposed a method of eliminating the deformations which works in 
the algebroid case ~K.[[x]][y]. P. Russel in |Ru] used the Hamburger-Noether 
expansions to reprove the Abhyankar-Moh results (in the algebroid case) 
with weaker assumptions on the field characteristic. In our presentation of 
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the subject we followed [Gw-Plj (see also [Chan- Wj . [Chan]). The reader will 
find in jPoj more references on the approximate roots. The assumption C 
is permissible in the Embedding Line Theorem is relevant (see [N]). 

7 A formula for the intersection multiplicity of 
two branches 

The aim of this section is to give a new formula for the intersection multi- 
plicity of two branches. 

Let {/ = 0} and {g = 0} be two branches different from {x = 0}. Let 
char^/ = (bo,...,b h ), b = n = i (f,x) and char^p = b' h ,), b' = 

ri = i {g, x). We denote by f , . . . , f h and go,---, gv key polynomials of / 
and <7, respectively. 

Lemma 7.1 The equalities ^ = ^ for all i G {1, . . . , k} imply — = ^ and 
§ = f /or allie{l,...,k}. 

Proof. We get ne[ = n gcd(6' , . . . , b[) = gcd (nb' , nty) = n'ei. Thus 
— = tt and consequently — = % for all i G {1, . . . , k} since — = \ . ■ 

Theorem 7.2 Let n = io(f, x) > 1 and suppose that ^° (£'g) > ek ^ bk for an 

integer k G {1, . . . , h}. Then k < hi and - 1 = 3 for all i G {1, . . . , k}. The 
first k key polynomials /o, . . . , fk—i °f f are the first k key polynomials of g. 

Proof. 

Let us start with 

Property 7.3 ni (g, /»_i) = n'bi for i G {1, . . . , k}. 

Proof. Fix i G {1, . . . , k} and consider the power series /, /j_i and g. We 

have d x (f,fi-i) = s± ^ i , d x (f,g) = > (by assumption) and 

d x (gJi-i) = • Since d x (fJ*-i) < d x {f,g) by the STI we get 

d x (g, fi-i) = d x (f, fi-i), which implies the property. ■ 

Property 7.4 n' = (mod —). 



25 



Proof. We may write = ao&o + ai&i + ' ■ ' + a fc»fc with ao, . . . , a& € Z since 
efc = gcd(6o, ■ ■ ■ ,bk)- Hence we get e^n' = (ao"-') n + a i( n/ ^i)+' " '+ a k{ n '°k) 
i ) (mod n) by Property 17.31 and consequently re' = (mod J*-). ■ 

Property 7.5 Lei i > be an integer. Then d x (g, fi-i) = e '~^ &1 /or i < k, 
dx(g,9i-i) = e -^Y for i < ti, and = e '- ie '-i I °^- 1 ' 9 '- l) / or 

i < rnin(fc, /i'). 

Proof. We have d^S, jfr-i) = e '" li ° n ( / g r ; /i " l) = by Property E3 The 

formulae for d x (g,gi-\) and d x (fi— i) follow from the definitions. ■ 

Property 7.6 We /iaue /i' > 1 and ^ = 

Proof. From Property 17.41 it follows n' > 1 since — > 1 for fc > 0. Thus 

h! > 1 and we may apply Property [73] for £ = 1. We get d x (g, /o) = -f ^ N, 
7y~ 

d x (g,9o) = 77 N and d x (f ,g ) = £o(/o,0o) G N. By the STI we obtain 
H = K . 

n n' ' 

Property 7.7 Let i > be an integer such that i < k, i < h! and -i = -4 
for aZZ j < £. T/ien i < h! and = ^-. 

b~ b*- 

Proof. From the assumption -i- = -4 for all j < i and from Lemma 17.11 
we get 77 = By Property 17.41 we may write n = l-^j-, where I > 
is an integer. Thus e\ = = l^- > 1 since i < k. From e' i > 1 we 
get obviously i < h! . Now we may apply Property 17.51 for the index i + 1 
since i + 1 < k and i + 1 < h! . We get d x (g,fi) = ^tl, d x (g,gi) = 

^ and dsC/i.^i) = (f) (g) i Q (fi,gi). Recall that a = 1 . Note that 
4k (ff , fi) 7^ d x (fi,gi). Indeed if we had d x (5, /») = 4(/, ft) then we would get 
bi + i = &iio(fi,gi) which is impossible since bi+i ^ (mod ej). Similarly we 
check that d x (g,gi) ^_dx(fi,9i)- Using the STI we get d x (g,fi) = d x (g,gi), 

which implies ^ ttl = ^r-. ■ 

^ n n' 

Now we can finish the proof of Theorem 17.21 

From Properties 17.61 and 17.71 we conclude that k < hi and 77 = 77 for i G 
{1, . . . , k}, which proves the first part of Theorem 17.21 Let i G {0, 1, . . . , k — 
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1}. By Property O i (g,fi-i) = ^ = V i since £ = Moreover 
deg y (/i_i) = ^ = ^r- so fi-x is a key-polynomial of g. ■ 



Remark 7.8 Under the notations and assumptions of Theorem 7.2, we get 

ioijhf) = io(f,g) io{x,g) e k _ib k n' _ e' k _ x b' k ^ _ e' k _]b' k 
io(x,f) i (x,g) i (x,f) n n n' n' n' 



Let f,g£ K.[[x,y]] be irreducible power series such that the branches {/ = 
0} and {g = 0} are different from {x = 0}. We put, by definition: 

Uf, 9 ) =min!k>0 : ^<^|. 

Obviously, we have 1 < k x (f,g) < h + 1. Recall that bh+i = +oo so 
k x (f,g) = h + 1 if and only if ggf} > 

On the other hand k x (f,g) = 1 means that < b±. 

Note that k x (f,g) is different from the coincidence exponent defined by 
means of Puiseux' expansions in the case of characteristic zero (see |Poj . 
p. 299, [Gw-Plj . p. 205). 

Lemma 7.9 Suppose that ~ ^ T/ien io(f,g) < inf{n'6i, n6^}. // 

ioC/iff) < inf{n'6i,n6 / 1 } i/ierc io(/,ff) = nn'i (f , g ). 

Proof. If ^ / then 6i / +oo or b\ / +oo that is n > 1 or rt' > 1. We 
may assume n > 1. If / and have a common key-polynomial of degree 1 
then io(f,g) = infjn'&i, nb^}. Indeed, if /o is a key-polynomial of / and g 

then d x (f, /o) = ^ and ^(ff, /o) = ^- From the assumption ^/^we get 
= inf ||, ^| by the STI whence i (f,g) = M{nh,n%}. 

If / and g do not have a common key-polynomial of degree 1 then io(f, go) < 
b\ and i (g, f ) < b[. Consequently we get d x (f,g ) < d x (f, f ) = ^ and 
dx(fo,9o) = d x (f, go) < ^ by the STI. Analogously applying the STI to g, f 
and go we get d x (fo,go) = d x (fo,g) < -4. We may assume without loss of 
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generality that inf{ra&' 1 ,n / &l} = nb[. Then ^ < ^ and d x (g, f ) < d x (f, f ). 

W 

By the STI we_get d x (f,g) = d x (g,f ). Thus d x (f,g) = d x (g,f ) < ^ and 

io(f,g) < nn'^r = nb[. On the other hand d x (f,g) = d x (g,f ) = d x (f ,g ), 
which gives i (f, g) = nn'i (f , go). ■ 

Lemma 7.10 Ifk x (f,g) = k then k<ti + l and gf£f| < 



Proof. Let k = 1. Then 44^4 < h. If ^ = then 

io(g,x) — 1 n n' 

io(f, g) _ io(g, x) i (f, g) < /V\ — _ ^ ( 6^ \ = y 



k(f,x) i (f,x)i (g,x) \n J yn^ 

If £ ^ £ then i (f,g) < mf{n'b i,nb'i\ < nft^ by Lemma [72] and conse- 
quently gg# < &f. 

Now suppose that A; > 1. By definition of k x (f,g) of / and g we get 



kjLg) > e k -2h-i ^ 
i {x,g) n 

By Theorem 17.21 we get = -4 for i < k — 1 < h . Moreover /o, . . . , fk-2 
are key polynomials of g. If e' k _ 1 = 1 then h' = k — 1, b' k = b' h , +l = +oo 
and the lemma is obvious. Suppose that e' k _ 1 > 1. Then b' k < +oo. If we 
suppose that Lemma 17.101 is not true then 

»o(/.g) ^ e fc-A 

~7 — n > / ' 15 

«o(aJ,/) ™ 

Applying Theorem 17.21 to g and / we get that k— 1 < fa', that is k < h' and 
— = % for i < k. So in particular — = and by the definition of k we 

n n' — ^ n n' J 

p. pt »o(/,g) < e fc-A _ „, , ( K \ „ n j »o(/,g) < 23/ „, , H _ „/f*=i - e 'k-i b 'k 

S et i ( ff ,x) - n - 6 k-l [ n > J an<1 n - n^-ln' ~ n n' n> ~ n> 



which is a contradiction with inequality (|15p . ■ 

Theorem 7.11 (Formula for the intersection multiplicity) Letf,g € 
K[[x,y]] be irreducible power series such that n = io(f,x) < +00 and n' = 
i (g, x) < +00. Let char x f = (b , ... , b h ), b = n and chai x g = (b' Q , b' h ,), 
b' = n' be the Seidenberg characteristic sequences of the branches {/ = 0} 
and {g = 0}. Let k = k x (f,g). Then we have 
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2. io(f,g) < inf{e / A ._ 1 6 fc ,e fc _i6 / A ,}. 

Let (/o, . . . , fh) (resp. (go, . . . , gh 1 )) be a sequence of key polynomials 
of f (resp. of g). We get 

3- Ifio(f,g) < inf{e' fc _ 1 6j fc ,e fc _ 1 i4} theni (f,g) = efc-iej^oCffc-i.Sfc-i), 



4. ifk>l then e' k _ 2 b k -\ = ej fc _ 2 6 / fe _ 1 and i (/,flO > e' k _ 2 b k -i- 

Moreover fo, . . . , f k _\ are the first k key polynomials of g and go, • • • ,9k- 
are the first k key polynomials of f . 

Proof. Part (1) of the theorem follows immediately from Theorem 17.21 
From (1) we conclude, by Lemma 17. 11 that = -r— ■ 

By the definition of k x (f,g) we get 

io{f,g) < io(x,g) = n = e^bk- 

n n 

On the other hand, by Lemma 17. II we get 

p' v p' y~ 

■If \ s ■ I e\k-l U k K k-l U k TT 

io(f,9) < t (xJ)—^—=n—^— = e k - 1 V k . 

Combining the above inequalities we obtain Part (2) of the theorem. 

To check Part (3) suppose that io(f, g) < inf{e' fc _ 1 6fc, e k -ib' k }. Then we have 

i^Jj < n ^and ^^rjy < —j—a x [f,g) < - d x {S,Sk-i) and 

e! 6' 

d x (f,g) < -j^ryr- = d x (g,g k -i). By the STI applied to f,f k -\,g and to 
f,gk-i,g we get d x (f,g) = d x (f,gk-i) = d x (g,f k -i) < d x (f,f k - 1 ),d x (g,g k _ 1/ 
From d x (f,g) = d x (g,f k -i) < d x (g,g k -i) we conclude, by the STI ap- 
plied to fk-i,g,gk-l that d x (f,g) = fffc-i), which implies z (/,p) = 
efc-ie' fc _ 1 i (/fc-i,5fc-i)- This proves Part (3). 



To check Part (4) suppose that k > 1. Note that £fc ~ 2 , 6fc 1 =- 1 



(^n 1 ) (^~nT^j whence e' k _ 2 b k = e k -2b' k . Since k > 1 we get, by definition 
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of k x (f,g), that > £fc 2 ^ k 1 , which implies by the first part of the 

theorem the inequality io(f,g) > e' k _ 2 bk-i- 

The assertion on the key polynomials follows from the second part of Theo- 
rem EZJ ■ 

Theorem 7.12 Let {/ = 0} and {g = 0} be two different branches and let 
{I = 0} be a smooth branch. Suppose that n = io(f, I) < +oo, n' = io(g, I) < 
+oo and let d = gcd(n, n'). Then io(f,g) = mod or ^- 

Proof. We may assume that n, n' > 1 and I = x. Let k = k x (f,g). By 
Theorem 17.21 and Lemma 17. II we get 

n Tif 

- = -T for i < k. (16) 

e; e i 

On the other hand from the second and third part of Theorem [7TTT] it follows 
*o(/,s) = mod (ejt_i or e' k _{). (17) 

From (|16|) we get 

&k-i = ^mod — ^ and e^_x = ^mod — \ . (18) 
Now (|17p and (|18p imply the theorem. ■ 

Using Theorem 17. 121 we will prove the following basic property of polynomial 
automorphisms of the plane (see [J] and |vdK| ) . 

Theorem 7.13 (Jung- van der Kulk) Let the mapping (P,Q) ■ K 2 — > 
K 2 be a polynomial automorphism. Then of the two integers m = deg P, 
n = deg Q one divides the other. 

Proof, (see |vdK| ) Let C and D be projective curves with affine equations 
P = and Q = 0. Then deg D = n, deg C = m and each of the curves C, D 
has exactly one branch at infinity. By Bezout's Theorem these branches 
intersect with multiplicity i = mn — 1. The line at infinity cuts the branches 
of C and D with multiplicities m and n respectively. Thus by Theorem l7.12l 
we get i = (mod ^ or §), where d = gcd(m, n). This implies that m 
divides n or n divides m, since i = mn — 1. ■ 

Notes 
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The classical formula for the intersection multiplicity of two branches (see 
[He], Chapter 8 or jPoj ) was well-known to geometers of the nineteenth 
century: H.J.S. Smith, G.H. Halphen and M. Noether. It was used by 
Zariski in [Za2j to study the saturation of the local rings. Ancochea gave in 
[Ancj a formula for the intersection multiplicity of two branches in terms of 
Hamburger- Noether expansions (see also |Ru| . |Caml| . [Del] ). 



8 The Abhyankar-Moh irreducibility criterion 

Let / E K[[x, y]] be an irreducible power series such that {/ = 0} / {x = 0}. 
Let n = i (f, x) > 1 and char^/ = (b , ... , b h ), b = n. 

Lemma 8.1 Let g = g(x,y) E K[[s,y]] be an irreducible power series such 
that {g = 0} ^ {x = 0} and let k be an integer such that 1 < k < h. If 
> then io ( 9iX ) = o (mod If, additionally, i (g,x) = £ 

then char x # = (j^, . . . , M . 

Proof. It follows immediately from Theorem 17.21 and Lemma 17.11 ■ 



Theorem 8.2 Let g G K[[x, y]] be a power series such that io(g,x) = 
and io(f,g) > n^b^ for a k € {1, . . . , h}. Then g is irreducible and char-^ = 




Proof. Suppose that io(f,g) > n^bk and let g = g\ ■ ■ • g s with irreducible 
gj G K[[x, y]], for j G {1, . . . , s}. Then there exists j G {1, . . . , s} such that 

io(f,9j) ^ efc-i& fc 

—, r > ■ uyj 

i {gj,x) n 

Indeed, suppose that inequality (fTUj) is not true. Then io(f, gj) < ek ~ lbk io(9j, x) 

for all j G {1,. . . ,s} and we get i (f, g) = Ej=i«o(/,#j) < Ej=i ^ir^^idj, x) = 

ek ~^ bk io(g, x) = n^bt which contradicts the assumption about io(f,g)- The 
inequality f)19|) implies by Lemma 18.11 that io(gj,x) = q^j- for some integer 
q > 0. On the other hand io(gj,x) < io(g,x) = Therefore q = 1 
and io(gj,x) = io(g,x). Recall that gj divides g, gj is irreducible and 
ord gj(0,y) = ord g(0,y), thus gj is associated with g, which proves the 

irreducibility of g. We get char x <7 = (—,..., — ) from the second part of 
Lemma 18. II ■ 



31 



Corollary 8.3 (Abhyankar-Moh irreducibility criterion) Ifio(g,x) = 
n and io(f,g) > Tiffin then g is irreducible and char x <7 = char^,/. 

Using the Abhyankar-Moh inequality and the irreducibility criterion we 
prove 

Theorem 8.4 (Moh-Ephraim Pencil Theorem) Assume that C is a plane 
curve of degree n > 1 with one branch at infinity and that C is permissible. 
Let D be another plane curve of degree n > 1 with one point at infinity O 
which is the unique common point of C and D. Then 

1. the curve D has one branch at infinity, 

2. the branches at infinity of the curves C and D are equisingular. 

Proof. Let (x, y) be an affine coordinate system centered at O such that the 
line at infinity has the equation x = 0. Let f(x, y) = and g(x, y) = be the 
polynomial equations of the curves C and D. Then io(f,x) = io(g,x) = n 
and io(f,g) = n 2 by Bezout's theorem. Let char x / = (bo, . . . , bh). By the 
Abhyankar-Moh inequality we have e^ibh < i$(f,g). Now, the assertions 
follow from Theorem 18.21 (case k = h). ■ 

Remark 8.5 Suppose that the plane curve C of the Moh-Ephraim pencil 
theorem is given by the homogeneous equation F(X, Y, Z) = of degree n and 
let L : Z = be the line at infinity. Consider the pencil C\ : F(X, Y, Z) — 
\Z n = 0, A € K. Applying Theorem \8.J\ to C and D = C\, A ^ roe prove 
that the pencil C\ is equisingular at infinity. 

Notes 

The Abhyankar-Moh irreducibility criterion was proved in [A-Ml] (Lemma 
3.4) and explained in details in [A3] (Theorem 12.4). The original version 
of the criterion was given for meromorphic curves. Using Puiseux series the 
authors had to assume n ^ (mod char K). The version of the criterion 
presented in this paper is borrowed from |Gw-Pl] where the result is proved 
for the case char K = 0. 

The first part (irreducibility) of the Moh-Ephraim Pencil Theorem is due 
to Moh [Moh2j . the second part (equisingularity) to Ephraim [E] (see also 
[Chan] ). In our treatment of the subject we do not need the assumption 
char K = 0, which is necessary in the quoted papers. 
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9 Characterization of the semigroups associated 
with branches 



In this section we give a new proof of the well-known theorem on the ex- 
istence of branches with given semigroup (see |Brej and Ang| ) . Following 



Teissier |Telj we give explicitly the equation of a plane curve with given 
characteristic. Our proof is written in the spirit of this paper, we do not use 
the technique of deformations. Here is the main result of this section. 

Theorem 9.1 Let (bo, ...,6/J be an n- characteristic sequence. Suppose 
there exists a distinguished irreducible polynomial fh-i £ K[[x]][y] such that 

diai x f h _ 1 = f^-, ■ ■ ■ , %j^J ■ Let f , . . . , fa-2 G K[[x]][y] be a sequence of 
key polynomials of fh-i- Letao, . . . , a^-i be the (unique) sequence of integers 
such that ao&o + ai&i + • • • + = n-hbh, where < ao and < ai < Hi 

for i G {1, . . . , h - 1} and let c € K\{0}. Put f h = + cx a % ai • • • . 
Then 

1. fh is a distinguished irreducible polynomial of degree n, that is, io(fh, %) - 
deg y f h , 



2. ch.ax x f h = (b ,...,b h ) and f ,..., fh-i are key polynomials of f h . 
Proof. Since fh-i is a distinguished polynomial of degree — — and ao > 0, 

e h — 1 

we have 



k(fh,x) = io(fh-i + cx a "fS 1 ---Cs 2 1 ,x) = i (f^ v x) 

Tl 

= n h i (fh-i,x) = n h = n. 

eh-i 

To calculate deg y f h observe that deg y f^ = n h deg y f h -i = n h -^ = n 
and deg, a^ff ■ ■ ■ j»£ = a x % + ■ ■ ■ + o w ^j < (m - 1)£ + ■ ■ ■ + 
(n-h-i — l)^frj = ~^~~[ — 1 < n- Therefore we get deg y fh = n. The proof 
that fh is irreducible is harder. We need auxiliary lemmas. 

Lemma 9.2 i (fh,fh-i) = h- 
Proof. 
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ioifh, fh-i) = io(fh-i + cx^fS 1 • • • f a h h _2 , fh-i) = io(x ao fS 1 • • • fl h _2 , f h -i) 

= a io(x, + aii (/o, A-i) H h o fc _ii (//i-2, A-i) 

&o &i fr/i-i 1 — — 

= ao Va\ 1 ha/i-i = n h bh = bh- 

e h-l e h-l £h-\ eh-i 



Lemma 9.3 There exists an irreducible factor <f> of fh such that 



io(//i-i)0) n h _ib h -i 



io((f>,x) n 

Proof. Let //, = cpi • • • cp s with irreducible factors 0, G K[[x,y]] for i G 

o(/fe-i,</ ) 
io(<iM) 



{!,..., s}. Suppose that < for all i 6 {!,-••, a}- % 



Lemma [9721 we get 



i=l i=i 



= io(fh,fh-i) =y^io(<f>i,fh-i) <y^ Uh 1 h 1 k((t>i,z 



n h -\bh-\ ^ . n h -ib h 



Ei {4>i,x) = h 1 h 1 i {fh,x) = < b h , 

n. 



n « — ' n 

i=l 



which is a contradiction. 



Lemma 9.4 Lei 6e an irreducible factor of fh such that t0 ^ fc , > 



nh l n h 1 . TTien i/iene exists v G {1, . . . , n^} suc/i i/iai io(4>,x) = v-^-^ and 
io(d>Jk) = v^Lfork<h-l. 



Proof. Recall that char x A_i = ( , . . . , ) . Applying Lemma [87X1 to 

y e /i— 1 e /i— 1 / 

the irreducible power series fh-i and cj) (note that nfe ~ 1 = — — n 



e h-l 



conclude that io((f>,x) = [mod -^-^ \ . Therefore we can write io((f>,x) = 
v— ^- with v < eh-i = nh since io(4>,x) < io(fh,x) = n. Fix k < h — 1 and 
consider the three branches fk = 0, fh-i = and = 0. We get d x (fk, <fi) = 

eh-ie k io(fk,<P) A If A\ — i o(fh-i,'t>) ^ n h _ 1 b h _ 1 e h __ 1 _ e h _ 2 b h ^ 1 , 

^ , ax\Jh-l,<P) - io ts, x )-n— > n — - ' ana 

dMh-i,fk) = wZfck) = ^ < far fc < /» - 1. Therefore 
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dx(fh-i,fk) < d x (f h -i,(p) and by the STI we get d x (f h -i,f k ) = d x (f k ,(f)), 
which implies i (fk, 4>) = "ttt- ■ 

Now we are in a position to check that fh is an irreducible power series. Let 
<j) be an irreducible factor of fh such that in Lemma 19.31 Since fh = + 
cx a ° f^ 1 ■ ■ ■ f^-^ 1 an d 4> is an irreducible factor of fh we get io{fh!l 1 ,4>) = 
io{x a ° /q 1 • • • fh^2i 0)- Therefore, by Lemma I9~4l we have 

n>hio(fh-ii<f>) = a i (x,(f)) + aii (f , (f>) H h a fc _ii (/h-2, ^) 

bo b\ bh-i v i— i— 

= a v \-a\v 1 Va h -\v = n h b h = vb h - 

e/n-i e/j_i eh-i eh-\ 

Since vbh = (mod n/J and bh, nh = &h-\ are coprime we get z/ = (mod 
n/j) and v = nh because 1 < ^ < n^,. 

From Lemma [9.41 we get io(4>,x) = n^-^ 2 - = 6o = n = io(fh,x). Since 
divides we get //j = in K[[x,y]] with ^(0) / 0. Therefore //j is 
irreducible. 

Now we prove the second statement of the theorem. First we check that 
ioifh, fk) = b k+ i for k € {0, 1, . . . , h - 1}. We have i (f h , = b h by 

Lemma 19.21 Therefore we may assume that h > 1 and k < h — 1 . Applying 

Lemma El to the power series </) = f h we get io(fh,fk) = nh^ 11 = b k +i 
since v = nh- Recall that deg v f k = ^- for A; S {0, 1, . . . , h — 1}. Using 
Lemma [5731 we conclude that char^/^ = (bo, . . . , bh) and that /o, . . . , /h-i is 
a sequence of key polynomials of fh- ■ 

Theorem 9.5 (Bresinsky-Angermuller) Let &o, &e a sequence of 

positive integers. Then the following two conditions are equivalent: 

1. There is an irreducible power series f £ K[[x]][y] such that io(f,x) = 
bo and bo, ■ ■ ■ , bh is the b^-minimal sequence of generators of the semi- 
group T(f). 

2. The numbers &o, . . . , &h form a b$- characteristic sequence. 

Proof. The implication (1) ==^ (2) follows from the Semigroup Theorem 
(Theorem I3.2p . To check that (2) => (1) we proceed by induction on the 
length h of the characteristic sequence using Theorem 19.11 If h = then 
(bo) = (1) and we take / = y. Let h > and suppose that the implication 
(2) ==> (1) is true for h — 1. Then there exists an irreducible distinguished 
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polynomial f h _ x G K[[x]][y] such that r(/ ft _i) = ^-N + • • • + ^N. Let 
fo, • • • j fh-2 be a sequence of key polynomials of fh-i- Take / = /T^ + 
^/o 1 " " " /h-2 1 ' w here < a and < Oj < raj for i G {1, . . . , /i} is the 
(unique) sequence of integers such that ao^o + o,\b\ + • • • + ah-\bh-i = n-hbh- 
Then by Theorem 19.11 / is an irreducible power series and = 6oN + 
■■■+^N. ■ 

Let (6o, ■ ■ ■ , bh) be an n-characteristic sequence. For any k G {1, . . . ,h} 
we have Bezout's relation n^b^ = a^obo + a^\b\ + • • • + a^k-ibk-i, where 
afeo > and < a^i < raj for i G {1, . . . , k — 1}. Take ci, . . . , c/, G K\{0} 
and define in a recurrent way the polynomials go, ■ ■ ■ ,9h by putting g = y, 
9i = So 1 + cix a i° = y n ^ + Cl x b ^ ,. ..,g h = g n h K _ x + c h x a ™g a hl ■ ■ ■ g^ 1 • 

Theorem 9.6 (cf. \Telf and \Re\j ) The polynomials go,...,gh are distin- 
guished and irreducible. We have ch&r x gk = . . . . The sequence 
go, ■ ■ ■ gk-i i s a sequence of key polynomials of g^. 

Proof. The theorem follows from Theorem 19.11 by induction on k. ■ 
Notes 

Theorem 19.51 characterizing the semigroups associated with branches is due 
to Bresinsky |Bre| (the case of characteristic 0) and to Angermiiller Ang 



(the case of arbitrary characteristic, see also |Gar-Stj ). Both authors con- 
sider only generic case, i.e. io(f,x) = ordf. Theorem 19.61 which gives 
an explicit equation of the branch with given semigroup was obtained by 
Teissier by the method of deformations of the monomial curve associated 
with a branch. Another proof was given by Reguera Lopez in |Re| . 



10 Description of branches with given semigroup 

We need two preliminary lemmas. 



Lemma 10.1 Let f G K[[x]][y] be a distinguished irreducible polynomial 
of degree n > 0. Suppose that char x / = (bo, ■ ■ ■ ,bh) , bo = n and let 
fo, fi, . ■ ■ , fh-i be a sequence of key polynomials of f . Then any polyno- 
mial g G K[[a;]][y] of y- degree strictly less than n has a unique expansion of 
the form 

g = ^2g ai ,..., ah fo 1 ■■■ fh-v 9 ai ,...,a h GK[[x]], 
where < a\ < ni, < < n^. Moreover 
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1. the y-degrees of the terms appearing in the right-hand side of the pre- 
ceding equality are all distinct, 



2- io(f,g) = inf{(ord ff ai ,... )Qt Jn+ai&iH Va h b h : < on < for i = 



Proof. The existence and unicity of the expansion and the inequality 
for the degrees holds for polynomials with coefficients in arbitrary inte- 
gral domain (see |A3| . Section 2). The formula for the intersection mul- 
tiplicity follows from the observation that the intersection multiplicities 
*o(/,5«i,...,aJ ai • • • fh-i) = ( ord 9ai,...,a h )n + a\b x H h a h b h are pair- 
wise distinct by the unicity of Bezout's relation. ■ 

Lemma 10.2 Under the notation and assumptions introduced above, if deg y g < 
n/e k then i {f,g) = e k i {f k ,g). 

Proof. Suppose that deg g < n/e k . Then by Lemma Il0.ll we get 



where < a\ < ni, for £ € {1, ... , h}. Since deg y g < n/e k we have, by the 
first statement of Lemma llO-H a k +\ = ■ ■ ■ = an = 0. 

By Proposition 15.41 ft, is an irreducible distinguished polynomial, ch&r x f k = 
( ~~ )•••)"■ ) and /o, . . . , fh-i are key polynomials of fu. Therefore there 
exist Qi, . . . , a k such that 

k(fk,9) = (ord g ai ,...,a k ,o,...,o)— + Oil— H h a k — = —i (f,g) 

Cfc e k e k e k 

and the lemma follows. ■ 

Let (j), f £ K[[rr]][?/] be distinguished polynomials such that N = f^ ey { is a 
positive integer. Consider the <^>-adic expansion of /: 

/ = 4> N + ai^ -1 H h aw, deg y < deg y for z G {1, . . . , N}. 

Put ao = 1 and / = {i G [0, iV] : io(aj,0) 7^ +00}. We define the Newton 
polygon A. x ^(f) of / with respect to the pair (x, 4>) by setting 



1 



...,/»}. 




Ax,<f>(f) = convex 



U{(io(a<,^),^-0 + B| o }. 
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The polygon A X)t f,(f) intersects the vertical axis in the point (0, N) and 
the horizontal axis in the point (io(f, (f>),0) provided that io(f,(fi) / +00. 
If (f> = y then /S. x ^(f) = A x>y (f) is the usual Newton polygon of / in 
coordinates (x, y). 

In the sequel we use Teissier's notation (see [Te3j ) : for any integers k, I > 
we put 



convex{((£;, 0) + R?, ) U ((0, 1) + R?> )}. 



Proposition 10.3 /// G K[[x,y]] is an irreducible power series, char^/ 
(bo, . . . , bh) and /o, /1, • • • , A is a sequence of key polynomials of f then 



bk/ek 
dk-i/dk 



Proof. The /fc_i-adic expansion of fk is of the form = f^ 1 + aifu^ 1 + 
• • • + a nk , where deg y <2j < ^p-j- for i G {1, . . . , n^}. By Proposition 15.51 

we have io(/) a «) > ibk f° r < i < and io(f,a nk ) = n^bk- By Lemma 
I1U.2I we get io(f,cn) = ek-iio(fk-i, a i) for < i < n^. Therefore we have 
io(fk-i,ai) > ij^i for < i < n k and io(/fc-l,a n J = ^, which implies 

[ ek-i/ek J 

Proposition 10.4 Let f be an irreducible distinguished polynomial of de- 
gree n > 1. Let char x / = (60, • ■ ■ , bh) and let (ft G K[[x]][y] be a (h — l)-key 
polynomial of f . Then 



1. char x (^ = 
2- A^(/) 



e h _ 1 ' > e h _ 1 

\ h ) 



eh-i 



Proof. The proposition follows from Propositions 15,41 and 110.31 ■ 

The following theorem is the main result of this section. 

Theorem 10.5 Let (bo, ■ ■ ■ ,bh) be an n- characteristic sequence (n > I). 
Let f G ~K[[x]][y] be a distinguished polynomial of degree n for which there 
exists an irreducible distinguished polynomial (p G K[[x]][y] such that 
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2. A^(/) = 

I eh - 1 J 

Then f is irreducible, char x f = (bo, ... , bh) and (ft is a key polynomial of f . 

Proof. Let (fto, . . . , (fth-2, 4>h-i = (ft be a sequence of key polynomials of 0. 

From the assumption about A x ^(f) it follows that if / = + ai^"* -1 + 
• • • + c% h , deg y a, < for i G {1, . . . , n^} is the $>-adic expansion of / 
then 

(1) «o (/,<£) = io(an h ,<A) = &fr, 

and 

(2) io(aj,(^)) > i— for < i < 

(note that gcd(nh, 6^) = gcd(e/ l _i, 6/j) = e/i = 1 whence the strict inequality 
in (2)). 

There exists a unique sentence of integers lo, ■ ■ ■ , lh-i such that Zo&o + • • • + 
Ih-lbh-i = e /i-l&/u where /o > and < Zj < re, for i G {1, . . . , h — 1}. 
Therefore we have io(<ft, Q n J = bh = io((ft, x l °(ft l Q ■ ■ ■ 4>k-2)- Let c G K be a 
constant such that io(<f>, a Uh — cx l °cft l Q ■ ■ ■ (ft^Z^) > *o(0i a n h ) = Put / = 
<ft n h + C x l °(ft^ ■ ■ ■ 4hl\- Then by Theorem O / G K[[x]][y] is an irreducible 
distinguished polynomial of degree n, char x / = (bo, ... , bh) and ^ is a key 
polynomial of degree -^—^ of /. 

We have io(f,x) = io(f,x) = n. Let a nh = a nh — cx l ° <ft l Q ■ ■ ■ (ft^Z^ an< ^ 
consider 

(3) io(f,f) = i (r h + cx l °4 1 ---<ft l £zl,r h + air h - 1 + ---+a nh ) 

= io(f, ai<ft nh ~ l H ha^^ + O 

> ^{io(f,ai(p nh ~ 1 ), ■ ■ ■ ,i (f,a nh -i(ft),io(f,&n h )} 

since / is irreducible. Fix i G {1, . . . , — 1}. Then 

(4) i (/, cti(ft nh ~ l ) = i (f, at) + (n h - i)i (f, (ft) = e h -iio((ft, a*) + (n h - i)b h 



39 



since (f> is a (h — l)-th key polynomial of / and io(f, oti) = eh-iio((f>, «i) by 
Lemma Il0.2i Using (2) and (3) we get 

(5) i (f, ai4> nh ~ % ) > e h _ x i-^— + (n h - i)b h = n h b h 

eh-i 

for < i < nh- Moreover, again by Lemma 110.21 

(6) i (f,a nh ) = eh-m(4>,a nh ) > e h -iio(4>,a nh ) = eh-ibh- 

Using (3), (5) and (6) we obtain io(f,f) > eh-ibh and the theorem follows 
from the Abhyankar-Moh irreducibility criterion (Corollary 18. 3p . ■ 

Using Proposition 110.41 and Theorem 110.51 we get a recurrent description of 
the class of branches with given semigroup. 

Theorem 10.6 Let (bo, . . . ,bh) be an n- characteristic sequence (n > 1) 
and let f G K[[x]][y] be a distinguished polynomial of degree n. Then the 
following two conditions are equivalent 

1. f is irreducible and char x / = (bo, ■ ■ ■ , bh), 

2. there exists a distinguished irreducible polynomial (j) £ K[[x]][y] such 
that 

(b) A x ^(f) = 
To illustrate the above result let us write down 

Corollary 10.7 Let f G K[[x]][y] be a distinguished polynomial of degree 
n > 1 and let m > be an integer such that gcd(n,m) = 1. Then f is 
irreducible with char x ./ = (n, m) if and only if there exists a power series 
4>(x) £ K[[x]], V>(0) = such that 

f = (y + tp(x)) n + ai (x)(y + ^(z)) n_1 + • • • + a n (x), 

where ord Qj > i^ for < i < n and ord a n = m. 

Example 10.8 (see (Te2] . Example 4.23) Let p = charK / 0. Let f = 

yP _ x p ~ l (l + y) = y p — x p ~ 1 y — x p ~ l . Using Corollary \10.7\ with tp(x) = 
we check that f is irreducible and char z / = (p,p — 1). 
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Theorem 10.9 (Abhyankar's irreducibility criterion) Let f £ K[[x]][y] 
be a distinguished polynomial of degree n > 1. Assume that n =£. (mod char 
K.). Then f is irreducible if and only if there exists an n- characteristic se- 
quence bo, . . . , bh such that 

1- k(f, ek -¥f) = h and 

2. A efc _^( V7) = I ^tt= I for k 6 {1, . . . , h}. 
v [e k -i/e k J 

Proof. The conditions are necessary: if / is irreducible and char x / = 
(bo, . . . , bh) then both statements hold by Theorem 16 . 2 1 and Proposition 110.31 

The conditions are sufficient: this assertion follows from Theorem 110.51 by 
induction on the length h of the n-characteristic sequence. ■ 

To check the first condition we determine the sequences bo,...,bh and eo, • • • , eh 
such that 

• b = b = n, 

• h = i (f, ek -Yf), e k = gcd(e fc _i, b k ) for k £ {1, . . . , h}, 

• e > ■■■> e h = gcd(e h ,i (f, V7))- 

The first condition holds if and only if eh = 1 and n k -\b k -\ < b k for k > 1. 

Example 10.10 (see J7o] /. p. 301) Let f = (y 2 — x 3 ) 2 — 4x 5 y — x 7 . Assume 
that char K ^_2. Let b = e = 4, &i = i (f, \/J) = io(f,y) = 6, ei = 
gcd(4,6) = 2, 6i = io(f, tfj) = i (/,y 2 - x 3 ) = 13, e 2 = gcd(2 1 _13) = 1. 
T/ie sequence (bo,bi,b2) = (4,6,13) is a 4- characteristic since n\b\ = 12 is 
strictly less than 62 = 13. Thus condition (1) in Abhyankar's irreducibility 
criterion holds. To check (2) we compute 

and 

\.n(V7) = ^,„((V7f - 4*=,, -- 7 ) = {f } = {§=}■ 

Therefore condition (2) /loZcfo and oy Theorem \10.9\ f is irreducible provided 
that charK^ 2. If char K = 2 then f = y A + x 6 -x 7 = (y 2 +ix 6 + ■ ■ -)(y 2 - 
ix® + •••), where i 2 = — 1 in K and / is not irreducible. 
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Notes 

The first description of the class of branches with given semigroup is due to 
Teissier [Tel] (see also |CN] and [Ja] ) . Our approach is inspired by the papers 
by Abhyankar [A2j and Kuo |Ku] (see also |McC| and |As-Ba] ) . The general- 
ization of the Newton polygon introduced by Kuo in |Ku] is useful in Valua- 
tion Theory |Vaj . Section 5. Our presentation of Abhyankar's irreducibility 
criterion differs from the original one. Another version of Abhyankar's crite- 
rion is due to Cossart and Moreno-Socfas [Co-MSl] and |Co-MS2] . A crite- 
rion of irreducibility based on different ideas was given recently by [GB-G] . 
The g-adic expansions of polynomials and Newton polygons were applied to 
generalize the classical Shonemann-Eisenstein irreducibility criterion in the 
early twentieth century (see [O]). 

11 Merle-Granja's Factorization Theorem 

Let {/ = 0} be a branch different from {x = 0}. Let char x / = (bo, . . . , bh) , 
&o = n > 1. In this section we prove the following result on factorization of 
power series (see [Granj and |Mer| ). 

Theorem 11.1 (Merle-Granja's Factorization Theorem) Fix k, 1 < 

k < h. Let g = g(x, y) £ K[[x, y]] be a power series such that 

2. i (f,g) = EtM-m. 

Then there is a factorization g = g\ ■ ■ ■ G K[[x, y]] such that 

1. ioGfc, a:) = £ - ^ for i G {1, . . . , k}, 

2. if (j) G K[[x, y]] is an irreducible factor of gi, i € {1, . . . , k} then 

<"/ %o(<j>,x) ~ n > 

(b) i (4>,x) = (mod ^-). 

c i — 1 

This statement is very close to Granj a's theorem (see [Granj ) where the 
Apery sequences are used) and is a generalization of Merle's result on polar 
curves. 
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Remark 11.2 Let /o,---,//i be a sequence of key polynomials of f . Fix 
k G {1, ...,/&}. Ta&e g = /q 1-1 • • • f k *7 l . TTien a satisfies conditions (1) 
and (2) o/ Theorem . Here gi = f^ 1 for i £ {1, . . . , k} . 

If (f> is an irreducible factor of g^ then <j) = fi-y unit. Clearly %0 \^\ 
and io(4>, x) 



n 



To prove Theorem 1 1 1 . 1 1 we need a few lemmas. 
Lemma 11.3 Let k be an integer such that 1 < k < h. Then 
1. (m - l)bi H h (n fc - l)6 fe ^ (mod e fc _i), 



2. (m - l)6i + • • • + (njt - l)6 fc < ftjfe+i, 

5. i/ (ni — l)&i + • • • + (n k — l)b k = aooo + ai&i + • • • + a k b k ureia integers 
ao, . . . ,a k suc/i £aa£ ao, afc > and < Oj < nj /or & G {1, . . . , k — 1} 
t/ien ao = and etj = nj — 1 for i £ {1, . . . ,k}. 

Proof. Suppose that (ni — l)6i + - • - + (nfc — l)6fc = (mod efc_i). Then (nfc — 
l)b k = (mod efc_i) and (nfc — 1)^ = (mod nfc). We get a contradiction 



because gcd(^-,?ifc) = 1. 



Now we will prove the second statement: if k = h then b k+ i = o^+i = +oo 

and the inequality is obvious. Let k < h. Then (n\ — l)b\ H \- (nfc — l)6fc = 

(m&i — &i) H h (nfc&fc - & fe ) < 6fc + i - b± < b k+1 . 

To finish the proof, let a k = qn k + a' fc with < a' k < n k . By assumption we 

get gnfc&fc = (-a )b + (n\ — 1 - ai)&i H h (n k — 1 — a' fc )&fc. The identity 

above is a Bezout's relation. Since qn k b k = (mod efc-i) we get by the 
unicity of Bezout's relation — ao > and n k — 1 — a' k = that is ao = and 
o' k = nfc — 1. Therefore we get qn k b k = (n\ — 1 — ai)&i + - • - + (nfc_i — l)6fc-i < 
(ni — l)6i + • • • + (nfc_! — l)6fc_i < 6fc by the second statement. Thus q = 
and again by the unicity of Bezout's relation we get the last statement. ■ 



Lemma 11.4 Let <j) £ K[[.x,y]] be an irreducible power series such that 
io (/,<£) 

i {<t>,x) 



ioim < efe_^ f orak> Then ^ G 6oN + . . . + b^jN. 



Proof. Let /fc_i be a (fc — l)-th key polynomial of /. Thus io(fk-i,%) = 
i^, *o(/,/fc-i) = ^ and chaTjfc^ = gi) . Since ^ = 

we S et b y assumption the inequality fgg < ggfej that is 
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dx(f,<f>) < d x (f, fk-i)- Using the STI to the power series (j), fk-i and / we 
get d x (f,(p) = d x (4>,f k _i), which implies i (/,<£) = ^(/^^ ^(/fc-i, 4>) = 

Lemma 11.5 Let d> be an irreducible power series such that = efc ~ lfefc 

for a k > 0. Then io(<j),x) = (mod [1 and io(/, 4>) = [mod 

Proof. Since io(f,4>) = ek -^ bk i ((f>, x) it suffices to check that io(4>,x) = 
(mod ~~~ J ■ If fc = 1 it is clear, so assume > 1. We have t0 V^\ = 

&k - lbk > efc - 2&fe ~ 1 hence i (<f>,x) = (mod by Lemma EH ■ 



Now we can prove the Factorization Theorem. 

Proof of Theorem 111.11 Let us fix a k G {1, . . . , h} and let g G K[[x, y]] be 
such that the conditions (1) and (2) hold. Let g = (pi • • • (j> s with irreducible 
4>j G K[[x, y]] for j G {1, . . . , s}. Firstly we check 

(*) if <fr is an irreducible factor of g then < efc "^ l6fc . 

Indeed, in the contrary case there would exist an irreducible factor (j) of g 
such that tQ ^{'^ > ek ~ lbk and we would get io(</>, cc) = (mod — ) by Lemma 

n 

efe ' 

(**) There exists (at least one) irreducible factor <j> of g such that ^^'^j = 

n 

^ Io(i'f ) ^ Efc n 1&fc f° r an irreducible factors of g then we would get by (*) 
ioOM <^f oraU j G{1 ,...,s}. 

io(q>j,x) n J L ' ' J 



18.11 which is a contradiction since io{(f>,x) < io(g,x) < ^- — 1 < ^. 



By Lemma ni.4l we would have io(/, </>j) G &oN+- • -+6fc_iN for j G {1, . . . , s] 
and consequently io(f,g) = Ylj=i *o(/j <A?) £ ^oN + ••• + &fc_iN. This is 
impossible because io(f,g) = YH=i{ n i ~ ^ (mod e^-i) by the first 
statement of Lemma 111.31 

Now, let us put <7fc the product of all factors <f>j of g such that ■"^''^■j = 

6fc n lbfc . Therefore we get 5 = 5^ in K[[x,y]]. Using Lemma 111.41 we check 
that io(f,g) G 60N + • • • + 6fc_iN and by Lemma Til .51 we get io(f,9k) = 
(mod b k ). 
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Let us write io(f,g) = ao&o + a ibi + • • • + a k -\b k _i with ao > and < 
a,i<rii-l and i (f, g k ) = a k b k , Ofc > 0._Therefore we get Y li=i( n i ~ l )h = 
io(f,9) = io(f,g) + io(f,9k) = o-obo + a\b\ H h a fe _io fc _i + a k b k . 

By the third statement of Lemma 111.31 we have ao = and a k = n k — 1. 
Thus i (/,<7fc) = (n k - l)V k and i (^ fc ,x) = f k ~ ^ since ggg) = 

If k = 1 we are done (if = 1 then io(f,g) = 0, that is § is a unit and we 
put ggi instead of g\). If k > 1 then g = satisfies the assumptions of 
Theorem 111.11 with k — 1. We use induction on /c. ■ 

Remark 11.6 in the proof of Merle-Granja's factorization theorem we used 
the inequality io(g,x) < j- — 1 instead of the equality io(g,x) = j*- — 1. 
Therefore this inequality and condition (2) imply condition (1) of Theorem 

[223 



Theorem 11.7 (Merle's factorization theorem) Suppose that char^/ 

92/ 



(6o) • • • , bh), bo = n > 1 and n ^ (mod char K). Then = g± ■ ■ ■ g^ in 



K[[x,y]], where 

1. i (g i ,x) = f i - 7 ^forie{l,...,k}. 



2. If <j) € K[[x,y]] is an irreducible factor of gi, i G {l,...,/i}, i/ien 

*oW>,z) 



Proof. Since n ^ (mod char K) we have *0 (f^;^) = n — 1. By the 



Dedekind formula and the Conductor formula we have (/, ^ ) = c(/) + 



n — 1 = X^fc=i( n fe — l)fcfe- We apply Theorem 111.11 to the series g = ■ 
Notes 

The first result on factorization of the derivative was proved by Henry J.S. 
Smith in (Sm| but his work fell into oblivion for a long time. Merle proved 
the factorization theorem in the generic case, the observation that the the- 
orem is true in any coordinates is due to Ephraim [E|. Granja's theorem is 
formulated in terms of Apery sequences and proved using the Hamburger- 
Noether expansions (see [Gran]). 

Acknowledgements: The authors are very grateful to Bernard Teissier for 
reading the manuscript and making valuable suggestions. 
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